A shell graph of order n, denoted by S (n, n-3), is a cycle Cn with n-3 chords sharing a common end vertex called the apex. In this paper, the join of graphs S (n, n-3) for n ≥ 4 and K1 is shown to admit a β-valuation.
Introduction
Let G (V, E) be a graph with vertex set V (G) and edge set E (G) such that | ( )| = and | ( )| = . A graph labeling is the assignment of labels, most often integer values, to the vertices or edges or both, of a graph satisfying few conditions. In 1967, Rosa [7] called a function f a β-valuation of a graph G with q edges if
is an injection such that the label for each edge of G, being the absolute value of the difference between the label of its corresponding end vertices, are distinct and assume all the values from 1 to q. In 1972, Golomb [4] called such labeling graceful. A graph which admits a graceful labeling is called a graceful graph. Gallian [3] in an extensive survey of graph labeling has tabulated the results on graph labeling. The various graph labeling accepted by different graph classes have been discussed under separate sections.
A circular graph or a cycle graph is a graph with one cycle, that is, a closed walk in which no edges or vertices are repeated other than the one which would be the initial and end vertex. In general, a cycle in n vertices is denoted by Cn. [7] had proved that a cycle in n vertices is graceful if and only if ≡ 0 or 3(mod4). Graham and Sloane [5] proved that the cycle Cn is harmonious if and only if ≡ 1 or 3(mod4). The conjecture, any cycle with a chord is graceful was proved by Delorme, Maheo, Thuillier, Koh and Teo [2] . The generalization of the above result that a cycle with the path Pk joining two non consecutive vertices of a cycle was proved by Punnim and Pabhapote [6] .
A shell graph S (n, n-3) is obtained from the n-cycle Cn (n ≥ 4) by adding n-3 consecutive chords incident with a common end vertex called apex. Sethuraman and Selvaraju [9] had shown that the one-edge union of m copies of shell graphs S(n, n-3) is cordial for all n ≥ 4 and all k. Yue, Yuansheng and Liping [10] proved that one-vertex union of copies of S(n, n-3) is cordial for all n ≥ 4. Sethuraman and Dhavamani [8] showed that for k ≥ 1 and n ≥ 4 the graph G (n, n-3, k) is graceful.
The graph join of two graphs G1 and G2 is the graph union of G1 and G2 and includes all the edges that join the vertices of the G1 with the vertices of G2. Graham and Sloane [5] had proved that the join of cycle Cn with K1, called the wheel graph Wn, is graceful. The join of graphs + ̅̅̅̅ when ≡ 0 or 3 (mod 12) has been proved to be graceful by Bhat-Nayak and Selvam [1] .
Fig. 1. The Graph S (n, n-3) + K1
In this article we prove the following. Theorem: For n ≥ 4 the graph S (n, n-3) + K1 is graceful.
Graceful labeling of S (n, n-3) + K1.
In this section the proof of the theorem is discussed. Let us denote S (n, n-3) + K1 by G. It is evident that, q = | ( )| = 3(p -2) where, p =| ( )| = n + 1. The name for the vertices of G is given as shown in Fig. 1 . The injective function
gives the label to the vertices of G.
. The numbering for the remaining vertices of G is defined as follows:
The induced edge label for the graph G is as below. Let 2  ,  85  ,  2   20  3  ,  2   14  3  ,  2   8  3   2   2  3  ,  ,  10  3  ,  7  3  ,  4  3   2   2  3  ,  ,  11  3  ,  8  3  ,  5  3   1  ,  4  ,  7  ,  2   16  3  ,  2 . This proves that the graph G is graceful.
